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REGULAR SUBGRAPHS OF UNIFORM HYPERGRAPHS 


JAEHOON KIM 


Abstract. We prove that for every integer r > 2, an n-vertex fc-uniform hypergraph H con¬ 
taining no r-regular subgraphs has at most (l + o(l)) edges if k > r+1 and n is sufficiently 

large. Moreover, if r € {3, 4}, r \ k and k, n are both sufficiently large, then the maximum num¬ 
ber of edges in an n-vertex fc-uniform hypergraph containing no r-regular subgraphs is exactly 
(fcZi)i with equality only if all edges contain a specific vertex v. We also ask some related 
questions. 


1. Introduction 

What are the graphs containing no r-regular subgraphs? For r = 2, the answer is easy, they 
are forests. However, the question becomes much harder when r is larger than two. Complete 
characterizations of graphs with no r-regular subgraphs seem impossible even for the case r = 3. 
So it is natural to ask how many edges can a graph with no r-regular subgraphs have. Pyber (14] 
showed that there exists a constant c r such that all re-vertex graphs with at least c r n log re edges 
have an r-regular subgraph. On the other hand, Pyber, Rodl and Szemeredi m proved that 
there exists a graph with fl(nloglogre) edges having no r-regular subgraphs for any r > 3. The 
gap between the two bounds still remains open. 

It is also natural to consider the same question for hypergraphs, both uniform and non-uniform 
hypergraphs. Mubayi and Verstraete [12] proved that for every even integer k > 4, there exists 
rik such that for re > re.fc, each re-vertex fc-uniform hypergraph H with no 2-regular subgraphs 
has at most (?~J) edges, and equality holds if and only if H is a full k-star, that is, a fc-uniform 
hypergraph consisting of all possible edges of size k containing a given vertex. For non-uniform 
hypergraphs, it is easy to see that an re-vertex hypergraph H with no r-regular subgraphs has 
at most 2 n + r — 2 edges. One example for the equality is a full star (that is a hypergraph 
consisting of all possible edges containing a given vertex) with additional r — 2 smallest edges not 
containing the given vertex. The author and Kostochka m proved that if re > 425 and re > r, 
a hypergraph H with no r-regular subgraphs contains 2 n_1 + r — 2 edges only if TY is a full star 
with r — 2 additional edges. One can ask a similar question for linear hypergraphs. Dellamonica 
et al. [3] showed that the maximum number of edges in a linear 3-uniform hypergraph with 
no two-regular subgraphs is O(relogre) and 0(n 3//2 (log n) 5 ) and they asked whether every linear 
3-uniform hypergraph with no 3-regular subgraphs has at most o(re 2 ) edges. In Section [6] we 
confirm that this is true. 

In this paper, we consider fc-uniform hypergraphs with no r-regular subgraphs. The following 
two theorems are main results of this paper. 

Theorem 1.1. Let k,r be two integers with r > 2 ,k > r + 1. Then there exists re& such 
that for n > nk any n-vertex k-uniform hypergraph H with no r-regular subgraphs has at most 
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(1 + o(l)) (") edges. Moreover, if k >2r + 1 and \H\ > (1 — n ^ then there exists a 
vertex v which belongs to at least (1 — n edges. 

Theorem 1.2. Let k,r be two integers with r £ {3,4}, k > 140r and r \ k. Then there exists 
nk such that for n > nk any n-vertex k-uniform hypergraph H with no r-regidar subgraphs has 
at most (£“:}) edges. Moreover, the equality holds if and only if H is a full k-star. 

Our proofs of theorems develop ideas in [12j . In Section [3] and Section [3J we prove Theorem 
no and Theorem 14.11 which together imply Theorem 11.11 In Section [5l we prove Theorem 11.21 
In Section [6} we show some examples which somewhat explain the necessity of each condition 
in each theorem and we also pose some further questions. 

2. Preliminaries 

For a positive integer N we write [N] to denote the set {1,..., IV}. We say H has an r-regular 
subgraph if there exists a collection of edges in E(H) which all together cover each vertex in 
a nonempty set exactly r-times and no other vertices. We write V(H) and E(H) for the set 
of vertices and the set of edges in a hypergraph H , respectively. We denote the size of H by 
1171 := \E(H)\. For a hypergraph H and vertex v, dn(x) := \{e £ E(H) : x € e}|. log denotes 
log 2 and s-set denotes a set of size s. For a hypergraph H and a vertex set D, we define Hp, the 
link graph of D in H by V(H D ) := V(H), E(H D ) := {e \ D : e £ E(H), D C e}. If D = {x}, 
we denote the link graph by H x instead of Hp. 

First, we introduce the following simple observation which we use several times in the paper. 

Observation 2.1. For t > 1 and n > 2k, if an n-vertex k-uniform hypergraph H has at least 
1 ) edges, then H contains a matching of size max{2, [{:]}. 

Proof. If t < 2k, it is obvious by Erdos-Ko-Rado theorem [6j. Assume t > 2k. We greedily 
choose disjoint edges from H. If we choose t < |~|~| disjoint edges, the number of edges inter¬ 
secting at least one of them is at most £k['j\Z]) < • Thus we can choose an edge disjoint 

from all previous ones to extend the matching. We can do this until we get disjoint edges 
to get a matching of size max{2, |~|]}. □ 

The following is another simple observation which we will use later. 

Observation 2.2. Let r,k',k be integers with k = rk' and B C (^1) satisfying that for any 
r-equipartition A\,... ,A r of [k\, at least one Ai belongs to B. Then 



Proof. We pick an r-equipartition A = (A\,... ,A r ) of [k] uniformly at random. For a set 
B £ (^/), we say B £ A if B = Ai for some i € [r]. Since A is chosen uniformly at random, for 

any k'- set B £ we have P[£> £ A] = x(^,) . For any A, there exists B £ B which satisfy 

B £ A. Thus we have 

E[| {B : B £ A,B € B}\ } > 1. 

On the other hand, 

1 <E[\{B : Be A,Be B}\} = F[B £ A] < r(^) \B\. 

Be B ^ ' ' 
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Therefore \B\ > !(*). □ 

The following is a theorem from [8] concerning about the size of hypergraph without a match¬ 
ing of certain size. 

Theorem 2.3. [8] For s > 1 and n > 4 s, if H is an n-vertex 3-uniform hypergraph with no 
matching of size s, then 

'^GRT 1 

Now we introduce the notion of sunflower. Erdos and Rado [7] introduced the following notion 
of sunflower in connection with some problems in Number Theory. It is also called a A -system. 

Definition 2.4. A family of p sets is a p-sunflower if the intersections of any two sets in the 
family are all the same. Let q(k,p) be the least integer q such that every k-uniform family of q 
sets contains a p-sunflower. 

They also showed that q(k,p ) exists for any positive integer k,p. It means that if a fc-uniform 
hypergraph has no p-sunflower, then the number of edges in the hypergraph is bounded by 
q(k,p). In particular, they proved the following. 

Theorem 2.5. [7] 

(p — l) fc < q(k,p ) < (p — 1 ) k k\ 

They also conjectured that q(k,p ) < c k for some constant c p . Abbott, Hanson, and Sauer [T] 
and later Fiiredi and Kahn (see [5]) improved the upper bound of Theorem 12.51 The following 
result on the topic is due to Kostochka. 

Theorem 2.6 (Kostochka [IT]). For p > 3 and a > 1, there exists D(p,a) such that q(k,p ) < 
DiP,o:)k 

Essentially, Theorem l2.6l implies that there exists a constant c(p) such that q{k,p) < 2 

for k at least c(p) . By using Theorem 12.61 we prove the following lemma which is a variation 
of Lemma 1 in |12j . Note that the proof is identical to the proof of Lemma 1 in [12] except the 
part using Theorem 12.61 

Lemma 2.7. There exists a constant c(r) such that the following holds. Let k,r be integers and 
H be a k-uniform hypergraph on n vertices containing no r-regular subgraphs with maximum 
degree A = A (H). If \H\ > c(r)Ak, then 

6n k/(k-i) A (k-2)/(k-i) 

(log log^) 2 ^" 1 ) 

Proof. Let m = L^J- Suppose \H\ > c(r)kA and 

g fc/(fc-l)A(fc-2)/(fc-l) 

1^1 >-I- 

(log log m) 2 < fc - 1 ) 

for a contradiction. Then m > c(r). These assumptions imply that 


\H\ *._! Q k ~ l n k A k ~ 2 _ 1 

kA ~ fe fc_1 A fc_1 (log log m) 1 / 2 k A (log log m) 1 / 2 k k ~ 2 
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So, we get 


6 k ~ 1 n k 

m k ~ 1 k k ~ 2 (log log m) 1 / 2 

Now we count the matchings of size m in H. We may greedily pick edges ei,e- 2 , • ■ ■ ,e m so 
that edges are disjoint. At first, we have \H\ choices for ei. In each step, we exclude all edges 
intersecting previously chosen edges from the list of choices. Then we exclude at most kA edges 
in each step. Thus we conclude that the number of matchings of size m in H is at least 



> 


k 2m rn m 


.{^OLynk 


> 


k 2m rn m 


(log log m) m / 2 v mk' (log log m) m / 2 \mk 


n 


m-1 m—1 . a ■ , m -1 . 

(2.2) — n (\H\ - kAi) = —I H\ m n (! - w) ^ —I H \ m II (! - -) ^ ( feA ) m 

ml - LJ - ml \H\ ml ±± m 

i =0 i=0 i =0 

Because the number of mk -sets in V(H) is (^ k ), (|2.1[> and (I2.2|i together assert that there 

are at least ( lo g loo ™,p /2 > q(m,r) distinct matchings M\. Af 2 , ■ ■ ■ , M q ( mr ) covering exactly the 

same set M of size mk. Consider the following auxiliary hypergraph H with 

V(H) = {ee H}, E(U) = {Mi :i = 1, ■ ■ ■ , q(m, r)}. 

Note that a vertex in H is an edge in H, and an edge in 7i is a matching of size m in H. 
By Theorem 12.61 there are at least r distinct matchings , • • • , M^ r which together form an r- 
sunflower in H. By the definition of r-sunflower, there exists a set M' such that M' = M tj n Mj , 
for any j. j' € [r] with j ^ f. Then M % . — M' for j = 1,2,--- ,r are r disjoint matchings covering 
the same set M — (J e eM' e - Thus Uj=i(-^ij — T/) gives us an r-regular subgraph of H, it is a 
contradiction. □ 

We also use the following theorem of Pikhurko and Verstraete in several places. 

Theorem 2.8. |13j For k > 3, if H is an n-vertex k-uniform hypergraph with at least | (^_ j) 
edges, then H contains two pairs of sets {A, B}, {C, D} so that 

An B = C C\ D = V), AUB = CUD. 

Now we introduce new hypergraphs H(k,£) and H\k,i ) which will be useful for proving 
several claims later. 

Definition 2.9. Let A, B be two disjoint (k — £)-sets and Y = {tii ,... ,ue,v i, • • ■, v(}. For two 
nonnegative integer k,£ with k > l, we define H{k,£) to be the 2k-vertex k-uniform hypergraph 
on the ground set Au B UY satisfying the following, 

E{H{k,tj) = {e U Z : \e n {ui,Vi}\ = 1 for all i € [£], \e\ = £, Z E {A, B}}. 

We call each of A and B a stationary part, and vertices in them stationary vertices. Also we 
call vertices in Y dynamic vertices and let Vd{H(k,£)) denote Y. 

Note that if e is an edge of H(k,£), then there exist indices i \,..., i s , j\,..., j^ s with 
{*i, ■ •• ,i s } U {ji,... ,jts} = {!,...,£} such that 

e = {u h ,..., u ts , v n ,... ,v Je _J U Z for Z G {A, B}. 

Then e! = {v ^,..., Vi g , Uj 1 ,..., Uj e _ s } U Z' for Z' = {A U B) \ Z is also an edge in H(k, £). Thus 
the following holds. 

(2.3) For an edge e in H(k,£), there exists e' € H(k ,£) with e D e' = 0, elle' = V{H{k,£)). 
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Definition 2.10. Let A, B, C, D be four distinct (k — t)-sets satisfying AU B = CUD, A(lB = 
C PI D = 0, and Y = {iti,..., ii£ , v\, ..., ve}. For two nonnegative integers k, £ with k > £, we 
define H'{k , €) to be the 2 k-vertex k-uniform hypergraph on the ground set AU BUY satisfying 
the following, 

E(H'(k, £)) = {e U Z : \e n {ui,Vi}\ = 1 for all i = 1, 2, • • • ,£, \e\ = l, Z £ {A, B, C, D}}. 

We call each of A, B,C and D a stationary part, and vertices in them stationary vertices. Also 
we call vertices in Y dynamic vertices. 


Note that the following holds. 


(2.4) 


Hypergraph H(k ,£) contains 2^ edge-disjoint matchings of size 2 covering V(H(k,£)) 
and H'{k ,£) contains 2 £+1 edge-disjoint matchings of size 2 covering V(H'(k,£)). 


Indeed, H[k,£ ) is a /c-uniform hypergraph which resembles the complete {£+ l)-partite (f+1)- 
uniform hypergraph with all parts size two. Because of the resemblance, its Turan number is 
related to the Turan number of {£ + l)-partite {£ + l)-graph. The lemma below is proved by 
Erdos, and we use it to bound the Turan number of H{k , £). 


Lemma 2.11. |3j Let S be a set of N elements yi,y2, ■ • • ,Vn and let Ai for 1 < i < n be subsets 
of S. If Y27= i l-^il — IF f or some w and n > 8 w 2 , then there are 2 distinct Aj sl , A, 2 so that 


\A h n 


> N 

~ 2vH' 


Corollary 2.12. Let w,n be numbers satisfying n > 8 w 2 . If H is a k-uniform hypergraph with 
| if | > then there are two vertices x,x' such that \E(H X ) n E(H x /)\ > l) u, l iere 

H x , H x i are link graph of x and x' in H, respectively. 


Proof. Let x \,..., x n be the vertices of H. Let Ai = E(H Xi ) be the (k— l)-uniform hypergraph, 
which is the link graph of Xi in H. Since each Ai is (k — l)-uniform hypergraphs, Ai is a subset 

of {\A)- Since yy, |.4, = = k\E{H)\ = , we apply Lemma ETD with 

a, e® ,w playing the role of Ai,S,w, respectively. Then we obtain there exist with 


\E(H Xi )nE(H Xi ,)\ = \A t nA t ,\ > 


□ 


Proposition 2.13. Let k,£ > 0 be integers where k > £. Then for n > 2k, any k-uniform 
hypergraph H with 2n k ~ 2 edges contains a copy of H(k,£) as a subgraph. Moreover, ifk > £+2>, 
then it also contains a copy of H'{k,£). 

Proof. We use induction on £. For £ = 0, assume we have an n-vertex /c-uniform hypergraph 
H with 2n fc_1 edges. By Observation 12.11 and the fact n k ~ l > (?Tj), we get H{k, 0) which is a 
matching of size two for any k. If k > 3 and £ = 0, then Theorem 12.81 implies that H contains 
H'{k,£ ), which consists of two pairs of disjoint edges with the same union. For k = 2,£ = 1, 
Turan number for the cycle of length 4 gives us the conclusion about H{k,£). 

Assume now that every n-vertex /c-uniform hypergraph with 2 n k ~ 2 edges contains a copy 
of H(k,£ — 1) for n > 2{k — 1) and k > 3,£ > 1. If an n-vertex /c-uniform hypergraph H with 
n > 2k contains at least 2 n k ~ 2 1 > -^^ n( fc ” 1 ) edges, Corollary 12.121 implies that there are 
two vertices x,x' £ V(H) with 

\E(H x )nE(H x/ )\ > 1(2 (k - l)!n- 2 "^) 2 ^ U _\> 2 n^ 1 ” 2 ^ 1 . 
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By induction hypothesis, (k — l)-uniform hypergraph E(H X ) n E(H X /) contains H', a copy of 
H(k-1,£- 1). Then 

{{z} U e : e € E(H'),z E {x, x'}} 

forms a copy of H(k,£). Thus H must contain a copy of H(k,l). We get the conclusion for 
H'(k,£) by the same logic. □ 


3. Approximate size of H 


In this section, we prove the following Theorem 13.1 1 bv showing that most of the edges in H 
contain only one vertex of high degree. Note that we only consider the case when r > 3 because 
the case of r = 2 is already done in m- We let l := [logr] and let a be a number which we 
decide later such that 0 < a < 1/2, and we let 

(3.1) D := ^-“(loglog n)^E=^. 

We let T denote the set of vertices of H of degree at least D and set t := |T|. Since tD < k\H\, 

(3.2) t<£r 1 fc|iJ|. 

We also define Hi := {e E H : \e fl T\ = i} for i < k, and G := {e E H\ : E H\ such that e \ 

T = f \ T}. Then, it is obvious that |G| < (^Zi)- Note that r + 1 is always at least 2 i ~ 1 + 2. 


Theorem 3.1. For integer k,r,£ with k > r > 3, £ = [dogr], there exists an integer such 
that for n > any n-vertex k-uniform hypergraph H with no r-regular subgraphs satisfies the 
following. 


Ifk> 2 l ~ x + 2 , 

If k = 2 £_1 + 2, 


then \H\ < 
then \H\ < 


n — 1 
k- 1 
n — 1 
k- 1 


+ 3n 


fe-i- 


2 r “-2 


+ 3 n k 1 (loglog?r) 4 ( fe -i). 


Proof. First we suppose the conclusion does not hold. We may assume that we have a 
counterexample H such that \H\ is one more than the stated upper bound by deleting some 
edges if necessary and assume n is large enough. Since n is large enough, \H\ < n k ~ 1 /k and 
(13.21) imply 

(3.3) t < D~ l k\H\ < n a (loglogn)” 4 ^- 1 ). 


Claim 3.2. 

|Flo| < max |n fc ~ 1 ~ Q+ 2 fc 2 ',n fc_1H ~ (loglog n) 4 (fc-i) | . 

\H \ (H 0 U FTi)| < n k ~ 2 + 2a (log log n ) _ 2(fcVay _ 

Proof. First, we estimate |Ffo|- Since edges in Hq do not intersect T, the maximum degree of 
Hq is less than D. We apply Lemma I27H to Ho, then we get 

f 6 k/(*-i) n(*-2)/(*-i) 

Iflol < max l c(r)kA(H 0 ), - i — 

{ (log log S) 2(fc_1) 

where c(r) is the constant from Lemma 12.71 Since n is large enough, 

c(r)kA(Ho) < c(r)kD = c(r)kn k ^ 1 ^ a (log log n) 4 ( fc - 4 ) < n k l a+ 2 tF. 
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Also since n is large, )(/cn fc 1 “(log log n) ) 1 > n“/ 2 holds. Thus for large 

enough n, 

Q n k/(k-l)£)(k-2)/(k- 1 ) Q n k/(k—l)jj(k—2)/(k—l) 13.11 u , i -(k-2) a i 

-—-i- < -j- < n k ~ 1 (log log n) 4 ( fe - 1 ). 

(log log j^j) 2 ( fc -u (log log n"/ 2 ) 2 ^- 1 ) 

Last, every edge in H \ (Hq U Hi) contains two vertices of T and k — 2 vertices of V(H). By 

o, 

I H \ (Hq UHi)\< {^jn k ~ 2 ? n fc-2+2a (log log ri ) - 2TJUTT . 

□ 


Claim 3.3. 

\Hi \ < |G| +?z fc - 1 - 2 '" +2+2 “(loglogn)“^ T T. 

Proof. Note that k > 2^ _1 + 2 > l + 2. We consider H\ \ G. For an edge e in H\ \ G it satisfies 
\e (~l ( V(H ) \ T)\ = k — 1 and a (,k — l)-set e\T lies in at least two edges of H. For each pair 
{u, u'} C T, we consider the (k — l)-uniform hypergraph 

H {u,u'} = | g / . e i ,j | u } € E ( Hl \ e / y {,,/} € e{H x \ G), e' C V(H) \ T}. 

By the definition of G, every edge in Hi \ G belongs to H^ u,u 1 for at least one pair {u,u'}. 
However, if H{ u ’ u '} contains a copy of H'(k — 1,^ — 2), then the copy together with u,u' form 
a copy of H'(k,l — 1) in H, which gives us an r-regular subgraph of H. Thus Proposition 12.131 
and the fact that k — 1 = + 1> i — 2 + 3forf>2 imply \H^ U,U '^\ < 2n k ~ 1 ~ 2 1+2 . Thus we 

get 

\Hi\G\ < Y \H {u ’ u ' } \ < ^^) 2 ^" 1_2 ”' +2 9 n k ~ 1 ~ 2 ~ e+2+2a (log log n ) - 2(fc^iy _ 
{u,u>M T 2 ) V 

□ 


If k > 2 e 1 + 2, we choose a = 0 ^- 9 ) + 2 , then we get 

r . 1 , 1 l-(fc-2)a 

maxjfc - 1 - a + —j, fc - H- - -— 

2 k z k — 1 


, fc — 1 — 2"^ +2 + 2a, A; — 2 + 2a} < k — 1 — 


1 


2r 2 — 2 


Hence, \H \ G| = \Hq\ + \H± \ G\ + \H \ (Hq U H\)\ < 3 n k 1 2r2 ~ 2 . We conclude that for large 
enough n, 


\H\ < 




1 

2r 2 -2 


If k = 2^ 1 + 2, then we choose a = 2 £+1 = tj, then we get |iL \ G| = [i?o| + \H± \ G| + |LA \ 
(Hq U H i )| < 3n fc ~ 1 (loglogn) 4 ( fc - 1 ) and we conclude that for large enough n, 


\H\ < 


rjy _ \ 1 

, I + 3n A '~ 1 (loglogn) _4 ( fc - 1 ) 
k — 1 


This contradicts our initial assumption. Therefore, the Theorem holds. 


□ 
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Remark 3.4. If k > 2^ + 3, then we may choose a := , D := n k 1 “ and go through the 

argument above. Then we can conclude \H \G| < 3n 2 { - 1 (3-2 e +s) j or an y n-vertex k-uniform 
hypergraph H with no r-regular subgraphs when n is large enough. In order to get Theorem \4- 1\ 
we assume 

3 • ‘if + 4 k — l—a /! n i 

a:= 2'(3-2' + 5) ’ ' f:=ri0grl 

throughout the paper. 


4. Asymptotic structure of H 


In this section, we want to show that the asymptotic structure of H is close to a full fc-star. 
We let G be as we define in the previous section, and a = ^ = ,£ = |~logr~| as 

in Remark 13.41 and T denote the set of vertices of H of degree at least D. Then we still have 
m- We also define 

G' := {e\T : e € G}. 

By definition of G, we have 

(4.1) |G| = |G"|, E{G') = U E(G X ). 

x&T 

where G x is the link graph of x in G (i.e. G x = {e\ {x} : x £ e, e € G}). In order to 
prove Theorem EH we count the copies of II(k — 1,£ + 1) in G' and show that there exists a 
vertex v such that almost all copies of H{k — 1,£ + 1) consist of (k — l)-sets in G v . We define 

i 

P := k Ak n 2 ^ —1 (3-2^-i- 5) an d use ft throughout the paper. 

Theorem 4.1. For integers k,r,£ with I = [log r], k >2^ + 3, there exists an integer n & such 
that the following holds. If n > nk and H is an n-vertex k-uniform hypergraph H with no 
r-regular subgraphs such that \H\ > (?“*) — f3n k ~ l /k Ak , then there exists a vertex v in H such 
that 

|cy > (i — P)\g'\ 

with P = k Ak n~ . 

Proof. We take a fc-uniform hypergraph H with no r-regular subgraphs satisfying \H\ > 
— n k 1 2 e ~ 1 (3-2 e +5 ). Then by Remark 13.41 we know 

(4.2) |G| = \G'\ > I “ 4n fc_1_2 *- 1 (3- 2 *+5). 

By Theorem 13.21 and the fact D = n k i ~ a , we also have 

(4.3) t < D~ 1 k\H\ < n a . 


We pick v such that 


\G V 


For a contradiction, we assume \G V \ < (1 
g(e) := x if e £ G x . Let 

Ri(G') := {{/i,/ 2 } : fij 2 € E{G'), |/in/ 2 | 


max \G t \. 

xeV(H) 

- P)\G'\. For each (k — l)-set e in G', we define 
: *}, R'(G') := {{/i,/ 2 } € Ri(G') : g(f r) + g(f 2 )}. 
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Also we let 

R'(G') :=i^G , )Ui4 +1 (G / ). 

For a hypergraph F , we define P(F) to be the set of copies of H{k — 1,£ + 1) in F as follows. 

P(F) := {H' :H' QF,H' ~ iL (fc - 1, £ + 1)}. 

Also let 

Pi(G') := {H' € P(G') : 3{h, f 2 } G fl'(G') such that {/i, / 2 } C if', /, n / 2 C F d (P')}, 

Po(G') :=P(G')\Pi(G'). 

Let Af be the complete (fc — l)-graph on V(G'). To count the number of copies of Af (fc — 1 ,£ + 1) 
in K , we choose two disjoint (fc — l)-sets, and choose 1+1 vertices from one part and match 
them with other £ + 1 vertices on the other part. In this manner, one copy of P(fc — 1,£ + 1) is 
counted exactly 2^ +1 times which is the number of pairs in H{k — 1,£ + 1). Thus we get 


(4.4) 


\P(K)\ = 


1 fk — 1\ (k — 1)! (n — 1 


2 e + 2 \£ + lj (k - i - 2)! \k - 1 


n — k 
k-1 


Since n is large enough and (^) fc < Q) holds, 


\P(K)\ > 


1 / n — 1 


2 £ + 2 U- - 1 


n — k — 1 
fc - 1 


> k 


-2k n 2k-2 


k-1- 


2«- 1 (3-2 f +5) 


(4.5) 

Also (|4.2I) implies 

(4.6) |A\G / |<4n K 
First we show a lower bound on |P(G , )|. 

Claim 4.2. \P(G')\ > (1~P)\P(K)\. 

Proof. It is enough to show | P(K) \ P(G')\ < (3\P(K)\. Note that any copy of H(k — \ ,l + 1) 
in P(K)\P(G') contains an edge e G K\G > . Also by (12.311 . we can find another edge e! satisfying 

e' E H(k — 1,£ + 1) with e n e' = 0 and e U e' = V(H(k — 1, £ + 1)). 

Thus, in order to count P{K ) \ P(G / ), we take a (k — l)-set e in AT \ G' and a (k — l)-set e! in 
K disjoint from e. There are \K \ G'\ ways to choose e, and for fixed e, there are (%Zi) ways to 

choose e!. Then there are at most (i+i) (^7-2)! co Pi es of H(k — 1, £ + 1) containing both e,e' 
(due to different ways to pair up dynamic vertices). By (|4.6lh the definition of /?, and the fact 
that (^ T ) fc ' 1 < (j.” x ), we have 


\K \ G'\ < 4 n 


k- 1- 


2£ - 1 (3-^+s) = 4 k~ Ak Pn k ~ l < ^ Cl \ 


Thus, 


|P(A)\P(G')|< 


k-l\ (k — 1)! 


t + lj {k-£-2)\ 


I K\C 


< 


P fk — l\ (fc-1)! 


2^+ 2 \£ + lj (k - £ - 2)! \k - 1 


n — k 
fc -1 
n — 1 




□ 
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Now we estimate |P(G , )| to show a contradiction. 

Claim 4.3. \Pi{G')\ < \p\P(K)\. 

Proof. First, we count the number of pairs { /i, / 2 } in R'(G r ) = R' £ (G') U R' e+1 (G'). For 
i £ {£,£ + 1}, we take two disjoint (k — 1 — i)-sets e\, e 2 , and two distinct vertices x,y £ T. Let 

p({ei,e 2 }, {x,y}) := {h : {e 1 U h,e 2 U h} £ .R'(G"),g(ei U h) = x,g(e 2 U h) = y}. 

If p({ei,e 2 }, {x, y}) contains a copy of H(i,£— 1), (|2.4[> gives us 2^ _1 edge-disjoint matchings of 
size two in p({ei, e 2 }, {rr, y}) covering the same ground set. For each of these matchings {m, m'}, 
we obtain two edge-disjoint matchings {mUeiUjx}, m'l^Ujy}} and {m\Je 2 U{y}, m' UeiU{x}}. 
Thus we get 2 1 > r edge-disjoint matchings covering the same ground set. It is a contradiction 
since H does not contain any r-regular subgraphs. Thus p({ei,e 2 },{x,y}) does not contain 

H(i,£ — 1), so it has at most 2 n 2 1 edges by Proposition 12.131 There are at most 
choices for {ei,e 2 } and (^) choices for {x,y}. So, 


(4.7) 


\R[{G')\ < Y 

{ei ,e 2 },{x,y} 



< 2n 


1 




For each pair in R'^G'), we can complete a copy of H{k — 1,£ + 1) by adding i more vertices 
from outside to play the role of dynamic verticese and choosing £ + 1 — i vertices from each of 
ei, e 2 to play the role of dynamic vertices and match those dynamic vertices. Thus each pair in 
R'i{G') is contained in at most (t + 1)!("T 1 ) copies of H(k — \,i + 1). Thus by the fact 
that 2 a — an d the definition of (5, 


\Pi(G')\ = 


rm 

< 


< 


< 




l=Z 

i +1 


— l 


n — 1 




2 n 2 ? 

i=i 

£+1 , 

Y k 2 (£ + l)\n~^ T+ 2 a n 2 k ~ 2 i ~ 2 n i 


i—t 


< 2 k 2 k\n 2k ~ 2 ~^ +2a < i k 4k n (3-^+5) k~ 2k n 2k ~ 2 9 ^|P(if)| 


□ 


Before we estimate |Po(G ?, )|, we prove the following claim. 

Claim 4.4. Let H' be a copy of H(k — 1,^+1) in Pq(G'). Then there exists a vertex x £ T so 
that every (k — 1 )-set e in H' is contained in G x . 
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Proof. Remind that Vd(H') denotes the set of dynamic vertices of H'. We consider a graph 
Gh 1 such that 


V(G W ) := {f€H% 

E(G H i) := {/1/2 :/i,/ 2 e 1/1 n h\ € {£,£ + 1 }, /1 D / 2 C 

Let A,B be two stationary parts in H'. Consider two (k — l)-sets fi,fi in H' such that 
|/i \ / 2 1 = I /2 \ / 1 1 = 1 and both /i,/ 2 contain A We consider an edge e E H' such that 
e = (/1 \ A) U B. Then, e does not share any stationary vertices with f\ or / 2 , |/i n e| = £ + 1, 
and |/ 2 n e| = £. Thus e is adjacent to both fi and / 2 in G#/. Thus any two (k — l)-sets /, f 
in H' containing A with \f \ f'\ = 1 are in the same component of Gh*. Since being in the 
same component is transitive, all {k — l)-sets in H' containing A are in the same component in 
Gh' ■ By the same logic, all {k — l)-sets containing B are in the same component in Gw ■ Also 
there are edges between fi and e, so Gh 1 is connected. On the other hand, if two {k — l)-sets 
/ 1 , fi are adjacent in Gh 1 , then g(fi) = ,g(/ 2 ) because of the definition of Pq(G'). This fact and 
connectedness of Gw together imply that there exists a vertex x € T such that every edge in 
H' belongs to G x . □ 


Claim 4.5. |P 0 (G')| < (1 - \P)\P(K)\. 

Proof. By Claim 17711 and ()2.4j) . a copy of H(k — 1, £+ 1) in Pq(G') consists of 2 l+l pairs of two 
disjoint ( k — l)-sets all in G x for some x G T. To count the number of copies of H(k — 1, £ + 1) in 
Pq(G'), we choose two disjoint (k — l)-sets e, e! with g(e) = g(e'), and choose £+1 elements from 
one and match them with £ + 1 vertices in the other side to play the role of dynamic vertices. 
Also, each H(k — 1,£ + 1) is counted 2^ +1 times from each pair in this counting. So, 


(4.8) 


^o(G')| < 


1 

2^+i 


k-1 

£+1 


~ !)• /1G(e|\ 

{k -t-nf- T X 2 r 


By convexity, the right side of (14.811 is maximized when \G V \ = (1 — ff)\G'\ and |G U | = fi\G'\ for 
another vertex «eT and \G X \ = 0 for other x. And < |(1 + 

Because of the fact ^ + 2 j3 2 < 

14.41 1 h Q 

|P 0 (G')| < ((l-(3) 2 + P 2 )(l + -)\P(K)\<(l--(3)\P(K)\. 

n 2 


□ 


In total, 


|P(G")| = |Po(G')l + |Pi(G')| < (1 - \{i)\P{K)\ + \p\P{K)\ < (1 - /3)\P(K)\. 

However, it contradicts to Claim [4~2l Therefore, we conclude |G W | > (1 — /3)\G'\. This proves 
Theorem rm □ 
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2 _1 i 

Note that 2 f + 3 > 2r + 1 and n~si 2 < k Ak n 2 *-i(3-2*+s) < rTel 1 for large enough to. Thus 
Theorem cm Remark 13.41 and Theorem 14.11 together imply Theorem 11.11 If r E {3,4}, then 
I = 2, so we get — = ~~ 3 T thus @ = k 4k n~3i. So the above proof actually gives the 

following. 

Remark 4.6. If r E {3,4} and k > 2r + 1, then there exists an integer n & such that for n > n^ 
any n-vertex k-uniform hypergraph H with no r-regular subgraphs H with \H\ > (ri)-"*- 1 -*. 
then there exists a vertex v which belongs to at least (1 — k ik n~^)\H\ edges. 

5. Proof of Theorem 11.21 

In this section, we prove Theorem [L2j We assume r E {3,4}, k = k'r, k ’ > 140 and that n is 
sufficiently large. If an n-vertex fc-uniform hypergraph H with no r-regular subgraphs contains 
at least (?~!) edges, we may suppose \H\ = by deleting some edges if necessary. If we 

show that H has to be a full fc-star, then it completes the theorem because a full /c-star with 
one more edge e always contains an r-regular subgraph when r | k by the following Observation 
im Since r E {3,4} implies l = 2, we have fd = k ik n 34 . By Remark 14.61 there exists a vertex 
v with \H*\ < kf k n~ 34 (^,Z|), where we define 

H* := {e E E(H) : v e}, H := {/ E :v€f,f£H}. 

Then 

(5.1) \H*\ = \H\ < k 4k n~^ (^-^J 

by our assumption and Remark 14.61 To show that H is a full fc-star, it is enough to show 
\H*\ = 0. Suppose \H*\ > 0 for a contradiction. 

Observation 5.1. If {e^,e^,--- ,e' r } is a partition of e E H* into r sets of size k! and g C 
V ( G ) — {r} — e is a [k! — 1 )-set, then there exists j such that (e \ e' ) U g U {r} is not an edge of 

H. 

Proof. Suppose not. Then e, (e \ e \) UgU {r}, (e \ e' 2 ) U g U {t;}, • • • ,(e\e r )U(/U {n} together 
form an r-regular subgraph, a contradiction. Thus there is a choice j such that (e \ e^-) IJ g U {n} 
is not an edge of H. □ 

Here we define wedge as follows and count them to derive a contradiction. 

Definition 5.2. A pair of k-sets (e, /) is a wedge if it satisfies the following: 

(1) e E H*, f E H; 

(2) \e fl /| = k — kl. 

Let A (H) be the number of wedges in H. Then the following claim gives us a lower bound 
for A (H). 


A(»)>)( 


H* 


Claim 5.3. 


k 

k’ 


n — k — 1 
k’ - 1 
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Proof. To count the wedges (e, /) in H*, instead we count (e, / \ (e U {u}), e \ /). First we 
choose e. There are \H*\ ways to choose e. For each chosen e, there are ("/T/*!} 1 ) ways to choose 
( k' — l)-set 5 outside e U {u} playing the role of / \ (e U {v}). For fixed e and 5, we call a 
//-subset D of e (5, e)-good if (e \ T>) U S U {r>} € H, and (5, e)-bad otherwise. By Observation 
15.11 for an r-equipartition {e},..., ej,} of e, at least one of e' is 5-bad. By Observation 12.21 this 
implies that for fixed e and 5, there are at least £ ( fe ,) (5, e)-bad subsets of e. For each (5, e)-bad 
subset D of e, we get a wedge 

(e, (e\D)USU{r)). 

Since those wedges are distinct for distinct ( e,S,D ), we get A (H) > y (^/) |Ff*|. □ 


Definition 5.4. A 3-set T € ( 4 good if d^(T U {o}) < |( n fc^ 4 4 ) a?id bad otherwise. 

Let W be the collection of all bad 3-sets in H. 


Claim 5.5. 


\W\ < k 5k n 3 -^. 


Proof. We count all k- sets in H which contain a bad 3-set. Each bad 3-set T belongs to at 
least | ( r, fc— 4 4 ) distinct fe-sets in H. Also, each fc-set can contain at most ( 3 ) distinct bad 3-sets. 
Thus the number of fc-sets in H containing a bad 3-set is at least 


1 fk 


-1 


From (15.11) . 


1 fk 


-1 


\W\ 


8 V 3 

n — k — 4 
k -4 


\W\ 


n — k — 4 
k- 4 


< \H\ < k 4k n ~^ 


n — 1 
fc - 1 


Since < 2k 3 n 3 ( n k k ^ 4 ) for sufficiently large n, we get 


|W| < 8 


n — 1 
,/c- 1 

since n is sufficiently large and k > 140r. 


^'U 4fc n-ii 


n — k — 4 
A: — 4 


-1 


16 


< — A; 4fc+6 n 3 -^ < k 5 k n 3 ~^ 
6 


□ 


Claim 5.6. 


A(id) < 1.01|id| 


A: — 1 
k' - 1 


k! - 34 


-1 


n 

k' - 3 


n 2 . 


Proof. To count the number of wedges (e,/) in H , instead we count (/, e fl /, e \ /). The 
number of ways to pick / is |id|. For fixed /, the number of ways to choose a ( k — k')- subset D 
of / \ {0} which will play a role of = e fl / is 

fc-i\ _ /fc-i 
k - k'J ~ \ k/ - 1 

For & (k — k')- set D, let Hf, be the link graph of D in H*{ i.e. Hf, = {e \ D : e £ H*, D C e}). 
We partition H^ into the following two hypergraphs, 

H\) := {B G H* d : B contains at least 35 disjoint bad 3-sets} 

tt 2 ._ TT* \ zrl 

H d • — ri D \ ri D . 
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First, since any k'-set in contains 35 disjoint bad 3-sets, k! > 140 and n is sufficiently 
large, 

(5.2) \H}j\ < \W\ 35 ( H ) < (k 5k n 3 -^) 35 n k '- 105 < jfe 165 fc n fc ' _1_ H < — 

VrC 105 J 100/c 

To find an upper bound of \Hp\, note that any k !-set in H 2 D contains at least one good 3-set 
because it contains at most 34 disjoint bad 3-sets and k' — 3 • 34 > 3. Thus we first bound the 
number of pairs (A, T ) where T is a good 3-set and A = B\T for some B £ H There are at 

most ( fc ,” 3 ) ways to choose A. We claim that for fixed A, there are at most 2( n ~ k 1 2 k _1 ) distinct 
good 3-sets T such that AllT £ H Otherwise, by Theorem 12.81 there exists four good 3-sets 
Ti,T 2 ,T 3 ,T 4 with 

A U Ti £ H 2 d , Ti U T 2 = T 3 U T 4 = T 1 , T’ n (D U {u}) = 0 and T x fl To = T 3 n T 4 = 0. 

Since each T) U {u} belongs to at most |( n ^ 4 4 ) sets in H, there are at most |( n ^J 4 ) many 
(k — 4)-sets S outside DUAUT'U {u} such that 7) U £ U {u} ^ H for some i. So there exists a 
[k — 4)-set S such that lj;U5U {u} £ H for i £ [4] and S 0 (D U A U V U {u}) = 0. Then 

Ti U 5 U {u},... , T 4 U 5 U {u}, DUAUTi,...,DUAur 4 


together contain both 3-regular subgraph and 4-regular subgraph of H, a contradiction. Thus 
for each A, there are at most 2( n ~ k + k _1 ) < n 2 distinct T’s with AuT £ H Thus the number 
of such pairs ( A,T ) is at most ( fe /” 3 )^ 2 - 

Let B £ Hp, then B does not contain a matching of bad sets of size 35, and k! > 4 • 35 = 140. 
So we apply Theorem 12.31 then we get that the number of bad sets in B is at most ( 3 ) — ( fc 3 34 ) • 

Thus there are at least g 34 ) good sets in B. Hence each B yields at least ( fc g 34 ) distinct 
pairs (A,T). So 


(5.3) 


h 2 d \< 



n 


kf - 3 


n 


Since (p 2 b[) k ' 1 < (fc'_ 3 ) anc l ^ we know p- n k ' 1 < ( k 3 34 ) ( fc /" 3 )n 2 for large enough 

n. Thus from ()5.2f) and (15.311 . 


Hb\ = \Hb\ + \H 2 D \<T^n k '- 1 +( k/ 34 " 


100A; fc 

for sufficiently large n. Therefore we get 
A (H) < im\H\ 


n 


k' -3 


n 2 < 1.01 


k' - 34 


-i 


n 


k' - 3 


n 


k - 1\ fk' - 34 
k! - 1 


-i 


n 


kf- 3 


n 2 . 


□ 


Therefore, from Claim [5731 and Claim [5761 we get 


1 

r 



n — k — 1 
k' - 1 


\H*\ < A(H) < 1.01|iL| 


k — 1 
k'-l 



n 


k’ - 3 


n 
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Since n is sufficiently large, we have ( fc /" 3 )n 2 < 1.01(fc' — 1 )(k' — 2 )(" fc ,^ 1 1 ). Since we assumed 
\H*\ = \H\ > 0, this yields 

' k — 1\ /'k' — 34\ _1 / n 

.Ife'-lJl 3 J U' -3y 


1 (k\ (n — k — 1 


r \k') V k' — 1 


< 1.01 


n 


< 1 . 01 " 


k-\ \ (k! - 34 
k'-l 


{k'-l )(fe'-2)( 


n — k — 1 
k'-l 


and by dividing ) on both sides, we get 


1 (k 


r\k' 


< 1 . 01 2 


k - 1 \ (k! - 34 
k' - 1 


{k! - 1 )(k' - 2) = 


k'fk\ 1.01 2 • 6(k' — l)(k' — 2) 
¥ Uv ( fc ' - 34) (fc' - 35) (fc 7 - 36) 


From this and the fact that f — X’ we get 


l _ 
r k 

(k' - 34) (k 1 - 35) {k' - 36) 


{kf - 1 ){k' - 2) 

which is a contradiction since k! > 140. 


< 1 . 01 2 • 6 , 


6. What happens if t is big or r\ k? 

In the same spirit as Theorem 11.21 we propose the following conjecture. 


Conjecture 6.1. For r, there exist k r , such that for all k > k r , and n > rik, and r\k, if H 
is a k-uniform hypergraph with no r-regular subgraphs, then 


\H\ < 


n — 1 
k — 1 


and equality holds if and only if H is a full k-star. 


The proof of Theorem 11.21 does not extend for the case r > 4 because the author does not 
know how to generalize Theorem 12.81 for more pairs of disjoint edges. However, if the following 
conjecture is true, then we can prove Conjecture 16. II 


Conjecture 6.2. For every positive integer r, there exist k r , nk and g(r ) which satisfy the 
following. For k > k r ,n > nk, any n-vertex k-uniform hypergraph H with more than 

9(r) (l 

edges contains distinct edges A\, B\, ■ ■ ■ ,A r ,B r so that Ai D Bi = 0 for all i = 1,2 • • • , r and 
Hi U Bi = A 2 U B 2 = ■ ■ ■ = A r U B r . 


Note that this conjecture is known to be true for r = 1,2. For r = 1, it’s Erdos-Ko-Rado 
Theorem. For r = 2 Fiiredi [9] proved k 2 = 2>,g{2) < | and later Pikhurko and Verstraete [13] 
improved it to g(2 ) < j. 

In Theorem 11.21 we assume that k is much bigger than r and r | k. What happens if the 
conditions do not hold? First, let’s see what happens if k is not big enough in terms of r. The 
author believes that full Austar might be the only extremal example even when k > 2r and r | k. 
However if r = k then the extremal example is no longer only full fc-star. Also, if r > k, then 
\H\ can be bigger than ]). It is straightforward to check the following example. 
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Example 6.3. Take an n-vertex full k-star H. We take a non-edge e of H, and an edge e' of 
H such that \e n e'\ = k — 1. Then (H U {e}) \ {e'j does not have r-regular subgraphs if r = k, 
and H U {e} does not have r-regular subgraphs if r = k + 1. 

As an example, if r is bigger than k, even r = k + 1 does not imply \H\ < (^Zj) any more. 
However, as we can see in Section[3l \H\ < (1 + o(l))(^Zi) still holds if k > 2 l logr l ~ 1 + 2 . Thus, 
for r = 2 l and k > | + 3 = 2 l i + 2, the asymptotics of the number of edges in hypergraphs 
with no r-regular subgraphs is still (1 + o(l))(?Zi) even though r > k. However, the following 
example shows that this becomes false if r is much bigger. 

Example 6.4. For an integer c > 1, take an n-vertex k-uniform hypergraph H such that 
E(H) = {e : e € ( y ^), \e n {xi,x 2 , ■ ■ ■ ,x c }\ = 1}. Then \H\ = c(%Zf) ~ c(£“|). However, H 
does not contain any r-regular subgraph for r > c( c ^Z, 1 l). 

Proof. Suppose H contains an r-regular subgraph R, then R must cover some vertices in 
{x\,x 2 , • • • ,x c }. Assume it covers {x\,x 2 , • • • ,x c /}. Since it must cover those vertices exactly 
r-times, \R\ = c'r. Then V(R) = = c'k. Then a vertex x in V(R) can be covered only by 

edges e with |e D (V(R) \ {x\, ■ ■ ■ ,x c }\ = k — 1. So, degree of x is at most c'( c j-^Z^) < r, a 
contradiction. □ 


Hence, it is natural to ask the following question. Note that, such r(k) must exist and 
k < r(k) < 2( 2 ^T 2 2 ) + 1 by Theorem 13.II and Example 16.41 

Question 6.5. What is the minimum r = r(k) such that 

max I H\ 

lull sup > 1 

where the maximum is taken over all n-vertex k-uniform hypergraphs with no r-regular subraphs. 

Now we consider the case where r does not divide k while k is bigger than r. In P], Mubayi 
and Verstraete conjectured the following. 


Conjecture 6.6. [12] For every integer k with 2 \ k, there exists an integer n & such that for 
n > nk, if H is an n-vertex k-uniform hypergraph with no 2-regular subgraphs then \H\ < 
(?Zi) + • E<l ua ltty holds if and only if H is a full k-star together with a maximal matching 

disjoint from the full k-star. 


In the same spirit, we may add more edges to full fc-star when r > 3, r < k, r \ k. In order 
to construct an example, we need the following concept. 

In 1973, Brown, Erdos and Sos [2] proposed a study for a new parameter, fk{n, a, b ), the largest 
number of edges in a fc-uniform hypergraph on n vertices that contains no b edges spanned by 
a vertices. Determining fk(n,a,b ) for general tuple ( k,a,b ) is very difficult. Note that finding 
value of / 3 (n, 6 ,3) is known as the famous ( 6 , 3)-problem. In [2], they showed the following. 

_ kb—a 

Theorem 6.7. [2] If a > k and b > 1, then fk(n, a , b) > c a ^n f >- 1 . 

Now we consider the following construction. 

Construction 6.8. Let k = k'd, r = r'd be positive integers with k > 3, r' > 3 such that 
k! and r' are relatively prime. Consider a (k — 1)-uniform (n — 2)-vertex hypergraph FT with 
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fk-i(n — 2, 2k — 2, r ') edges such that H' does not contain any r' edges spanning at most 2k — 2 

/ 0 

r —2 (7 _i\ 

vertices. Especially, \H'\ contains at least Ckyn r '~ l[ ; edges. 

Now we consider two vertices x,y disjoint from V(H') and the hypergraph Hi~ r with 


Then 

graphs. 


V(H kr ) 

*<«.,>=<«(T r 

contains at least + c^y 


= V(H')U{x,y}, 

: x G e} U {e U {y} : e € E(H')}. 
iFz2l (k—1) 

r '~ lK ; edges, and H r contains no r-regular sub - 


Proof. Assume that contains an r-regular subgraph R. Let H x be the full fc-star in 
Hk r and H* be the hypergraph consisting edges not containing x. Since both H x and H* are 
subgraphs of two distinct full fc-star, each of them does not contain any r-regular subgraph. 
Thus R must intersect both H x and H* , thus R must cover both x and y. Since R covers x 
exactly r times, | R n H x \ = r and we have 

\R\ = \RHH X \ + \RnH*\ = r + \R,nH*\>r + l. 


However, because R induces an r-regular subgraph, 

r\V(R)\ = k\R\ = kr + k\R n H*\. 

Since k',r' are relatively prime, |R n H* | must be a multiple of r'. Moreover \R n H*\ < r 
because y are not to be covered more than r-times. Hence |P(i2)| = < 2k. Now we consider 

{e — y : e G R PI H*}. It is a set of at least r' edges of H' covering at most 2k — 2 vertices, a 
subset of V(R) — {x , y}. It is a contradiction to the definition of H'. Thus Hj ; r does not contain 
any r-regular subgraph. □ 


Hence, there is an n-vertex fc-uniform hypergraph H with no r-regular subgraphs which 
contains quite more edges than (^l|) if r does not divide k. Hence we propose the following 
question. 

Question 6.9. Determine the least value ofh(k,r ) such that there exists a constant Ck, r so that 
every n-vertex k-uniform hypergraph H with no r-regular subgraphs satisfies 

\ H \< (”“!) +c k , r n h ^ r \ 

The author suspects that h(k, r) is related to the value of gcd(k, r) based on the fact that the 
value we get from Construction 16.81 is related to k,r, and gcd(k,r). 

Also, considering linear hypergraphs is another direction of studying regular subgraphs. The 
following question was proposed in [3]. 

Question 6.10. [3] For an integer r, let fk,r( n ) be the maximum number of edges in a linear 
n-vertex k-uniform hypergraphs with no r-regular subgraphs. Is /^(n) = o(n 2 )? 

Especially, authors of [3] asked if sufficiently large Steiner triple system contains a 3-regular 
subgraph. In [16], Verstraete observed that Lemma 12.71 together with the fact that all linear 
/c-uniform hypergraphs have maximum degree at most trivially imply the following. 

Corollary 6.11. For any integers k,r > 3 and sufficiently large n, 

O 1 

fk,r(n) < 6n (loglogn) 2 ( fc -u . 
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Thus this answers Question 16.101 and it implies that for an integer r, every n-vertex Steiner 
system contains an r-regular subgraph if n is sufficiently large. 
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